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This work deals with defect structures in models described by scalar ﬁelds. The investigations focus on
generalized models, with the kinetic term modiﬁed to allow for a diversity of possibilities. We develop
a new framework, in which we search for ﬁrst-order differential equations which solve the equations of
motion. The main issue concerns the introduction of a new function, which works like the superpotential
usually considered in the standard situation. We investigate the problem in the general case, with an
arbitrary number of ﬁelds, and we present several explicit examples in the case of a single real scalar
ﬁeld.
© 2008 Elsevier B.V. All rights reserved.1. Introduction
The ﬁrst recent observations collected in [1] have led us with
the intriguing fact that the Universe is presently undertaking ac-
celerated expansion. These informations directly contributed to es-
tablish some important advances in Cosmology, one of them being
the presence of dark energy, which is introduced to respond for
more then 2/3 of the contents of the Universe—see, e.g., Ref. [2]
for some recent reviews of the subject.
The presence of dark energy has opened some distinct routes of
investigations. The general idea starts with the recognition that the
standard cosmological model is the CDM model, which describes
gravity with the standard scalar curvature R , with the inclusion of
the cosmological constant and non-relativistic dust-like matter. The
dark energy modiﬁcation of this scenario may be considered with
the inclusion of several distinct possibilities, the two most active
directions of investigations being the quintessence way, in which
one considers the possibility of changing the standard scenario
with the inclusion of scalar ﬁelds, and the f (R) way, in which
one modiﬁes gravity, changing the contribution of the scalar cur-
vature R to f (R), with f (R) being a non-trivial function of the
scalar curvature.
In the present work we shall follow the quintessence way, that
is, we shall deal with standard gravity but changing the scalar ﬁeld
dynamics. The use of non-canonical models has appeared both
in early time inﬂation and in dark energy scenarios to describe
the current phase of the Universe [3–5]. But here, however, we
shall make an important reduction which concerns the absence
of geometrical degrees of freedom. That is, we shall deal with
ﬂat space–time. The idea of freezing out the geometrical degrees
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doi:10.1016/j.physletb.2008.08.046of freedom is strategical: we shall ﬁrst deal with general scalar
ﬁeld dynamics, and then, in another work, we shall pursue the
yet more general scenario, activating the geometrical degrees of
freedom [6]. The ﬁnal goal is to investigate the general model, in
which we mix quintessence and f (R), but here we ﬁrst deal with
the simpler case, where the scalar ﬁelds are allowed to interact
and self-interact in the ﬂat space–time.
Such investigations are directly related to the recent investiga-
tions [7–12] where one discusses general properties of topological
defects such as domain wall, strings and monopoles [13]. These
investigations have dealt with formal aspects of unidimensional
topological solutions [7] and speciﬁc study on kinks and the corre-
sponding linear stability [8], including the presence of compactons
for a speciﬁc class of models [9]. More recently the case of local
vortex-like defects have been investigated in [10] and similar mod-
iﬁcations with higher-order scalar kinetic terms in the braneworld
scenario with a single extra dimension [11,12].
Although the presence of new non-linear effects which come
from the generalized dynamics complicates the search for analyti-
cal solutions, we take motivation from the previous investigations
[14] to consider the possibility of ﬁnding ﬁrst-order differential
equations that solve the corresponding equations of motion. This
possibility is implemented with the introduction of a general func-
tion, W , which in principle depends on all the scalar ﬁelds and
nicely leads to the presence of ﬁrst-order equations. As usual, the
ﬁrst-order equations simplify the investigation as we show below,
where we split the subject in two parts, one dealing mainly with
the formal aspects of defects and the other, which is dedicated to
the study of speciﬁc examples.
2. Generalities
We start with a model given by a non-standard action, de-
scribed by the set of n scalar ﬁelds {φ1, φ2, . . . , φn} in the two-
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S =
∫
d2xL(φi, X jk), (1)
where i, j,k = 1,2, . . . ,n. We are considering the metric (+−), and
the scalar ﬁelds are all dimensionless, with dimensionless space
and time coordinates, and coupling constants. Here the quantities
Xij are deﬁned by
Xij = 12∂
μφi∂μφ j . (2)
This is the action which controls the generalized models. It al-
lows obtaining the energy–momentum tensor in the form
Tμν = LXij∂μφi∂νφ j − gμνL, (3)
and we are using the notation: La = ∂L/∂a, that is, LXij =
∂L/∂ Xij and Lφi = ∂L/∂φi , etc. We shall be searching for static
solutions, and for static ﬁelds we can write the energy and stress
densities, ρ(x) = T00 and τ (x) = T11, as, respectively,
ρ(x) = −L, (4a)
τ (x) = LXijφ′iφ′j + L. (4b)
The equations of motion for the n real scalar ﬁelds φi = φi(x, t)
have the non-standard form
∂μ
(LXij∂μφ j)= Lφi . (5)
We expand these equations to get
Gαβi j ∂α∂βφ j + 2X jlLXijφl − Lφi = 0, (6)
where
Gαβi j = LXijηαβ + LXil X jm∂αφl∂βφm. (7)
For static solutions φi = φi(x), the equations of motion reduce to
−(LXijφ′j)′ = Lφi , (8)
or better,
(LXij + 2LXil X jm Xlm)φ′′j = 2X jlLXijφl − Lφi . (9)
These equations can be integrated to give L − 2LXij Xi j = C ,
where C is an integration constant which can be identiﬁed as the
stress density (4b). Stability of the static solution requires the van-
ishing of C , that is, stability requires the stressless condition [8].
Therefore we write
L − 2LXij Xi j = 0. (10)
Notice that this equation depends of the scalar ﬁelds and their
ﬁrst derivatives. Therefore, it is a ﬁrst-order equation, but it is a
constraint equation, which we name the stressless constraint.
We now deal with the search of ﬁrst-order differential equa-
tions. We consider the energy density, which for the stressless
solutions can be written as
ρ = −L = LXijφ′iφ′j . (11)
In this case, if we introduce the new function W = W (φ1, φ2,
. . . , φn) such that
LXijφ′j = Wφi , (12)
we obtain the energy density in the form
ρ = Wφiφ′i =
dW
dx
(13)
in a way such that the energy can be written as the variation of W ,
that isE = W = W (φ1(∞), φ2(∞), . . . , φn(∞))
− W (φ1(−∞),φ2(−∞), . . . , φn(−∞)). (14)
In order to circumvent problem with unstable solutions, here we
assume that W is a C1 function.
We substitute (12) in the equations of motion (9) to get
Wφiφ jφ
′
j = −Lφi , (15)
which is also a set of ﬁrst-order differential equations which solve
the equations of motion. Since the set of equations (12) is a
ﬁrst-order set of equation, we name the procedure the ﬁrst-order
framework for the scalar ﬁeld models under investigation. In this
sense, the above investigation falls into the program shown in [14],
in which we dealt with a diversity of models, searching for ﬁrst-
order differential equations which solve the corresponding equa-
tions of motion. The ﬁrst-order equations are also important to
investigate linear stability, because the appearance of W eases the
general investigation and helps to factorize the Schrödinger-like
Hamiltonian into the two ﬁrst-order differential operators S and
S†, which we explicitly construct below.
The above calculations generalize the standard scenario, which
appears when the scalar ﬁelds evolve under usual dynamics. We
note that the energy does not depend on the explicit form of the
solution, but it is given in terms of W , calculated at the asymptotic
values of the ﬁelds. The non-vanishing of the energy indicates the
presence of non-trivial ﬁeld conﬁguration having non-trivial topol-
ogy which ensures existence and stability of the solution.
The stability of the static solution can be inferred by the pres-
ence of the topological current, deﬁned in terms of the function W
introduced above:
jμT = μν∂νW . (16)
This deﬁnition is inspired in [15], and it is constructed to make
the topological charge directly related to the energy of the static
solution. We see that for static solution j0T = dW /dx, so that Q T is
directly related to W .
We now focus on linear stability. We consider φi(x, t) = φi(x) +
ηi(x, t), supposing that ηi(x, t) are small ﬂuctuations around the
static solution. In this case we get, going up to ﬁrst-order in the
ﬂuctuations,
Xij = Xij + X¯i j (17)
with
X¯i j = 12∂μφi∂
μη j + 12∂μφ j∂
μηi . (18)
The procedure gives
Lφi → Lφi + Lφiφ jη j + Lφi X jk X¯ jk, (19a)
LXij → LXij + LXijφkηk + LXil Xmj X¯lm. (19b)
We use these expressions into the equations of motion (5) to get
∂μ
(LXij∂μη j + LXij X jm∂μφ j Xlm)
= [Lφiφ j − ∂μ(LXimφ j∂μφm)]η j . (20)
In the case of static solutions one gets
LXij η¨ j −
(
(LXij + LXil X jm Xlm)η′j
)′
= (Lφiφ j + (LXimφ jφm)′)η j . (21)
We suppose that the ﬂuctuations are given by
ηi(x, t) = ηi(x) cos(ωt) (22)
in order to get
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= [Lφiφ j + (LXimφ jφm)′ + ω2LXij ]η j . (23)
This equation has the general form(−aijη′j)′ = bijη j . (24)
We can modify the above equation into the Schrödinger-like equa-
tion(
−δi j d
2
dz2
+ Uij
)
u j = w2ui, (25)
where the potential U is now a matrix which depends on the ma-
trix S and R , introduced as follows: in (24) we change ηi(x) into
ui(z), such that
ηi = Siju j, (26a)
dx = dz
R
. (26b)
In this case, the Schrödinger-like equation requires that
2aij R
dS jk
dz
+ d(aij R)
dz
S jk = 0, (27a)
R−2S−1il a
−1
lm LXmj = δi j . (27b)
The general study is awkward. The issue here is that it is better to
investigate linear stability in a case by case manner. We will return
to this below, where we examine the given examples speciﬁcally.
The above investigations are done on general grounds. To see
how it generalizes the standard situation, let us suppose that the
Lagrange density has the very speciﬁc form
L = Mij Xij − V , (28)
where Mij = Mij(φi) and in principle M may also depend on the
scalar ﬁelds. In this case we have that, using the ﬁrst-order equa-
tion (12)
φ′i = M−1i j Wφ j . (29)
The stressless constraint (10) leads to
V = 1
2
Wφi M
−1
i j Wφ j , (30)
which shows that the function W is a generalization of the super-
potential which appears in the standard scenario. To be explicit, let
us consider the standard case, in which M is constant, Mij = δi j .
Here we have
L = 1
2
δi j∂μφi∂
μφ j − V (φ). (31)
Also, from (12) we can write
φ′i = δi jWφ j , (32)
and from (10) we have to have
V (φ) = 1
2
δi jWφi Wφ j . (33)
This is the standard scenario and this the reason why we use W to
represent the new function that we had to introduce in (12). As we
know, in the standard case we can include fermions to get to the
supersymmetric extension of the model, and there W is named
the superpotential. This poses a nice issue, which concerns the in-
clusion of fermions in the case of generalized dynamics, to get to
the supersymmetric model—this is an interesting issue which is
presently under consideration.
The very interesting feature of the present generalization is that
we get to ﬁrst-order differential equations which solves the equa-
tions of motion, even though we do not specify the potential. This
is a strong result, which shows that we can get to the ﬁrst-order
framework even though we do not know explicitly how the scalar
ﬁelds interact formally.3. Applications
Let us now move toward applications. For simplicity, we con-
sider models described by a single real scalar ﬁeld, with the equa-
tion of motion being written in terms of W . The general model is
described by
L = L(X, φ). (34)
This case was already investigated in [7–9] under speciﬁc condi-
tions, but here we will introduce other improvements. The equa-
tion of motion and the stressless conditions are given by
−[LXφ′]′ = Lφ (35)
and
L − 2LX X = 0. (36)
The ﬁrst-order equation has the form
LXφ′ = Wφ. (37)
This is the general case. The ﬁrst-order equation supports kink-like
solutions, and can have the topological charge shown before. The
study of linear stability follows the general investigation given in
the former section. We solve Eqs. (26) and (27) to get
dx = dz
A
and η = u√LX A
, (38)
where A2 = (2LX X X + LX )/LX . This allows writing the Schrödin-
ger-like equation
−uzz + U (z)u = ω2u, (39)
where
U (z) = (
√
ALX )zz√
ALX
− 1LX
[
Lφφ + 1
A
(
LφX φz
A
)
z
]
. (40)
See also Ref. [8] for other details.
We illustrate the general behavior with the model
L = X − αX2 − V (φ) (41)
or equivalently
L = X + αX |X | − V (φ) (42)
for α > 0 real and positive parameter. In this case, the equation of
motion is(
1− 3αφ′2)φ′′ = Vφ, (43)
and the ﬁrst-order and stressless equations are given by, respec-
tively,
φ′ + αφ′3 = Wφ, (44a)
1
2
φ′2 + 3α
4
φ′4 = V (φ). (44b)
The ﬁrst equation is an algebraic equation of third degree in φ′ .
The only real solution is
φ′ = Gα(Wφ), (45)
where the function Gα(Wφ) is such that
Gα(v) = gα(v)
6α
− 2
gα(v)
(46)
and
gα(v) =
(
54α2v + 6√3(16α3 + 27α4v2)1/2)1/3. (47)
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form
V (φ) = 1
2
G2α(Wφ) +
3α
4
G4α(Wφ). (48)
The advantage of the introduction of the function W is that
we know a priori the energy of the topological solutions, since
their asymptotic values are found from the relation Gφ(Wφ) = 0. In
this case, V (φ) is α-dependent. The inclusion of the quartic term
changes some of the features of the solutions, as the width and
energy. We illustrate this with the function
W = φ − 1
3
φ3. (49)
We use this W to plot in Fig. 1 the potential, solution and energy
density
ρ(x) = G2α(Wφ) + αG4α(Wφ), (50)
which are depicted for some speciﬁc values of the parameter α,
with α = 0 being the thicker line. The ﬁrst-order equation φ′ =
Gα(1 − α2) is solved numerically. In Fig. 1, we see that both the
potential, and the width and energy density of the solution change
with α, showing how the modiﬁcation introduced by α change the
speciﬁc features of the defect solutions.
The conﬁgurations have asymptotic values at −1 for x → −∞,
and +1 for x → ∞. Therefore, as the energy only depends on
the asymptotic values, E = W (φ(+∞))− W (φ(−∞)), the solution
have the same energy of the standard φ4 case, which is E = 4/3.
In Ref. [8], we have studied models in which the potential had
no explicit dependence on α, as well as the solution. Here, in the
present models we see that it is the energy that does not change
with α. In this sense, the present investigation adds to the former
scenario of [8] another interesting possibility, in which the energy
of the topological solution is ﬁxed, although its speciﬁc form may
change together with the potential.
If we consider α very small we can go further and write, up to
ﬁrst order in α
Gα(v) = v − αv3, (51)
which is good approximation for v limited. We note that G0(v) = v
and Gα(0) = 0, and in this case Eqs. (44) lead to
φ′ = Wφ − αW 3φ, (52)
and so the potential becomes
V (φ) = 1
2
W 2φ −
1
4
αW 4φ. (53)
We then integrate (52) to get to
φ(x) = φ0(x) − αWφ0W (φ0), (54)
where φ0(x) is the solution for α → 0. The corresponding energy
density is
ρ(x) = ρ0(x)
(
1− α(W 2φ0 + 2WWφ0φ0)), (55)
where ρ0(x) = W 2φ0 .
The explicit form W = φ −φ3/3 leads to the standard results
φ0(x) = tanh(x), (56a)
ρ0(x) = sech4(x), (56b)
which are valid for α equal to zero; for α very small, we get the
new analytical results up to ﬁrst order in α
φ(x) = tanh(x) − α
3
tanh(x) sech2(x)
(
2+ sech2(x)), (57a)
ρ(x) = sech4(x)
(
1− α
3
(
7sech4(x) + 4sech2(x) − 8)). (57b)Fig. 1. Plots of the potential (upper panel), kink-like solution (middle panel) and
energy density (lower panel) for the model with W = φ −φ3/3, with several values
of α. The case α = 0 is shown with the solid line, and the cases with α = 0.5, 1.0,
2.0, appear with dashed, dot-dashed and dotted line, respectively.
There is no contribution to the energy from the α-dependent
terms in ρ in (57b), and this is in accordance with the fact that
the energy is E = W = 4/3 and only depends on W and the
asymptotic values of the ﬁeld, which do not depend on α, as we
see from (57a).
We use
dx = (1+ αW 2φ)dz, (58a)
η = (1− αW 2φ)u, (58b)
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U (z) = WφWφφφ + W 2φφ, (59)
and for W given by (49) we get
U (z) = 4− 6sech2(z)
(
1− 2
3
α
(
sech4(z) − 2sech2(z) + 1)) (60)
and the zero mode is given by, explicitly
u0(z) = 3
4
sech2(z)
(
1− 2
3
α
(
5sech4(z) − sech2(z) − 1)). (61)
We can consider another model, given by
L = X |X | − V (φ), (62)
or yet, we make it more general and consider the case
L = 2
n−1
n
X |X |n−1 − V (φ), (63)
where n = 1,2, . . . is non-vanishing, positive integer. The case
n = 1 leads to the standard model, and for n = 2 we get to (62),
which is the model recently investigated in [9,11].
The equation of motion for n arbitrary is given by
(2n − 1)φ′2(n−1)φ′′ = dV
dφ
. (64)
We use the ﬁrst-order equation to write
φ′ = W
1
2n−1
φ , (65)
and the stressless condition leads to the potential
V (φ) = 2n − 1
2n
W
2n
2n−1
φ , (66)
and we also have
ρ = φ′2n = W
2n
2n+1
φ . (67)
We also have A2 = 2n − 1 and the quantity√
LX A = (2n − 1)1/42 n−22 |φ′|n−1. (68)
Since we are searching for topological solutions, the scalar ﬁeld
is supposed to be monotonic, so we take φ′ > 0. Also, we change
from dx → dz and η → u in order to get
dx = 1√
2n − 1dz, (69a)
η = (2n − 1)−1/42 2−n2 (φ′)1−nu, (69b)
and so the Schrödinger-like equation can be written in the form
Hu(z) =
(
− d
2
dz2
+ U (z)
)
u(z) = w2u(z), (70)
where the potential is
U (z) = −n(n − 2)
2n − 1 W
− 4(n−1)2n−1
φ W
2
φφ + nW
− 2n−32n−1
φ Wφφφ. (71)
We factorize this equation with the ﬁrst-order operators S and S†
such that H = S†S , with
S = − d
dz
+ n√
2n − 1W
− 2(n−1)2n−1
φ Wφφ. (72)
In this case the normalized zero mode is given by
η0(z) =
√
A
E
W
n
2n−1
φ , (73)
where E is the energy of the corresponding solution.Fig. 2. Plots of the potentials of the models given by (81a) (solid line) and (81b)
(dashed line).
We now consider the case n = 2 explicitly. Here the equation of
motion becomes
3φ′2φ′′ = dV
dφ
. (74)
The ﬁrst-order equation is
φ′ = W 1/3φ , (75)
and the stressless condition leads to the potential
V (φ) = 3
4
W 4/3φ . (76)
We also have A2 = 3, and the ﬂuctuations about the kink-like so-
lution with φ′ non-negative leads to the Schrödinger-like equation
Hu(z) =
(
− d
2
dz2
+ 2W−1/3φ Wφφφ
)
u(z) = w2u(z). (77)
It can be factorized with the ﬁrst-order operators S and S†, with
S = − d
dz
+ 2
√
3
3
W−2/3φ Wφφ. (78)
This result shows that there is no bound state with negative eigen-
value, and the normalized zero mode is given by
u0(z) =
√
A
E
W 2/3φ . (79)
We can further illustrate the above case with the speciﬁc func-
tions
W = φ − φ3 + 3
5
φ5 − 1
7
φ7, (80a)
W = φ
√
1− φ2
(
5
8
− 1
4
φ2
)
+ 3
8
arcsin(φ), (80b)
which give the following potentials:
V (φ) = 3
4
(
1− φ2)4, (81a)
V (φ) = 3
4
(
1− φ2)2, (81b)
respectively, which we plot in Fig. 2.
In the ﬁrst case the model will lead us with kink-like solution.
In the second case the ﬁeld behaves differently, and the model will
lead us with compactons, in a way similar to the case considered
in [9].
Let us now study the model described by (80a). The ﬁrst-order
equation is φ′ = 1 − φ2 and we get the kink-like solution φ(x) =
tanh(x), with energy E = W = 32/35. For the ﬂuctuations, the
potential in the Schrödinger-like equation gets the form
U (z) = 48− 60sech2(√3z). (82)
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and (83), respectively.
Fig. 4. Plots of the potential (solid line) and zero mode (dashed line) given by (85)
and (86), respectively.
This is the modiﬁed Pöschl–Teller potential [16] and the normal-
ized zero mode is now
u0(z) = 1
8
√
70
√
3sech4
(√
3z
)
. (83)
In Fig. 3 we plot both U (z) and the zero mode u0(z). This poten-
tial supports the zero mode and other three bound states, with
energies Er = 3r(8− r), for r = 0,1,2,3.
The other model is described by (80b). The ﬁrst-order equa-
tion is φ′ = (1 − φ2)1/2, and may support compactons [17], which
are growing in importance in a diversity of scenarios, in particular
from the point of view of pattern formation, since patterns usu-
ally appear in nature with ﬁnite extent. In the present work, the
explicit solution of the ﬁrst-order equation is
φ(x) =
⎧⎪⎨
⎪⎩
0, for x < −π2 ,
sin(x), for −π2  x π2 ,
0, for x > π2 .
(84)
The corresponding energy is E = 3π/8. In this case the potential
and the normalized zero mode are given by
U (z) =
⎧⎪⎪⎨
⎪⎪⎩
∞, for z < − π
2
√
3
,
−12+ 6sec2(√3z), for − π
2
√
3
 z π
2
√
3
,
∞, for z > π
2
√
3
,
(85)
and
u0(z) =
√
23
π
√
3
⎧⎪⎪⎨
⎪⎪⎩
0, for z < − π
2
√
3
,
cos2(
√
3z), for − π
2
√
3
 z π
2
√
3
,
0, for z > π
2
√
3
.
(86)
The potential in (85) is the Pöschl–Teller potential [16], which is
plotted in Fig. 4, together with the above zero mode.
The interesting feature of the potential in (85) is that it only
supports bound states, and for r = 0,1,2, . . . , the corresponding
eigenvalues are given by Er = 12r(r + 2). Its behavior is similar toFig. 5. Plot of the potential given by (87).
Fig. 6. Plots of the potential (solid line) and zero mode (dashed line) given by (90)
and (91), respectively.
the potentials found in [8] for models of the form L = V (φ)F (X),
which appears in the case of tachyons and their generalizations.
The case of compactons may lead to an hybrid conﬁguration,
named half-compacton, as noted in [9] for the model with the po-
tential
V (φ) = 3
4
(1− φ)2(1+ φ)4, (87)
which is plotted in Fig. 5. The solution has the form
φ(x) =
{
1− 2 tanh2( x√22 ), for x > 0,
1, for x 0.
(88)
Here we get
W = − 2
1155
(
533+ 755φ − 455φ2 + 105φ3)(1− φ)5/2. (89)
The potential for the Schrödinger-like equation is such that
U (z) =
⎧⎨
⎩3
8−28 sech2(√62 z)+21 sech4(√62 z)
tanh2
(√6
2 z
) , for z > 0,
∞, for z 0.
(90)
In this case, U (z) has an hybrid asymptotic behavior, having
Pöschl–Teller and modiﬁed Pöschl–Teller tails, as we show in Fig. 6.
The energy of the hybrid conﬁguration is E = 1024√2/1155, and
the zero mode has the form
u0(z) =
{√
5·7·11√
3·221 tanh
2(√6
2 z
)
sech4
(√6
2 z
)
, for z > 0,
0, for z 0,
(91)
which is also plotted in Fig. 6. In this case, the reﬂection coeﬃcient
is unit, and this would modify the standard behavior concerning
252 D. Bazeia et al. / Physics Letters B 668 (2008) 246–252the scattering of particles by the wall itself, changing the frictional
force which would act on the wall, introducing new features in the
wall evolution in a (3,1) cosmological scenario [13], but this is out
of the scope of this work.
4. Ending comments
In this Letter we have shown how to extend the ﬁrst-order
formalism to generalized models, described by scalar ﬁelds with
non-standard dynamics. The main issue here is the introduction
of W and the related ﬁrst-order equations of motion (12). These
equations together with the stressless condition (15) simplify the
investigations of linearly stable defect solutions, which in speciﬁc
conditions can be obtained analytically.
We have investigated several models, in general described by
a set of real scalar ﬁelds. In the case of a single ﬁeld, we have
dealt with the Lagrange density of the form F (X) − V (φ), and we
have considered the cases where F (X) is governed by X + αX |X |
or X |X |n−1. We have also considered several explicit forms for W ,
in particular the case with W = φ − φ3/3, which reproduces the
standard φ4 model if the kinetic term is also of the standard form
F (X) = X . The general result is that topological defects also ap-
pear in models with generalized dynamics, and there it is also
possible to formulate a ﬁrst-order framework in which one deals
with ﬁrst-order differential equations, which solve the correspond-
ing equations of motion and ease the study concerning the search
for analytical results.
In the present Letter, we have focused mainly on explicit mod-
els governed by a single real scalar ﬁeld. Evidently, we can also
deal with two or more ﬁelds, and we will return to the subject in a
future work, where we investigate more sophisticated models, gov-
erned by two or more real or complex scalar ﬁelds. In particular,
we will deal with generalized models constructed from complex
ﬁelds ϕi , in which the complex ﬁelds have the form ϕi = φi + iχi .
In this case, the function F (X) should deal with X = ∂μϕ¯i∂μϕi ,
with the sum over all the complex ﬁelds implied. This form is
speciﬁc but important, since it allows generalizing the dynamics
one usually ﬁnds in the standard Wess–Zumino model, which has
interesting features which will certainly help us to make explicit
integrations [18].
The presence of topological defects in models described by
scalar ﬁelds is well known in high energy physics [13], and the
present Letter contributes to show how they appear in models
where the dynamics is generalized to include higher order con-
tributions on X . The results are of current interest to high energy
physics, since nowadays there are situations in which modiﬁca-
tions of the standard dynamics are welcome.
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